Years ago Einstein and Straus (ES) showed that it is possible to match a static Schwarzschild region to an external expanding Friedmann universe. This model is extended in this work to a spacetime of arbitrary dimensions. Frequency shift of radiation coming from the boundary of the two spacetimes is calculated. Depending on the relative magnitude of gravitational and doppler effects our model gives both blue shift and red shift. The dynamical behaviour of the boundary is investigated and it is found that like the ES case our model is also unstable against small perturbation.
Introduction
In a pioneering work Einstein and Straus 1 showed long ago that one can embed a static Schwarzchild field in an expanding zero pressure Friedmann universe and the expansion of the universe does not at all change the staticity of the Schwarzschild metric. This finding, however does not settle the open question -how does the cosmology influence the local physics. The Einstein-Straus (ES) model is subjected to criticism time to time for a variety of reasons. The ES vacuole (vacuum region) was assumed to be spherically symmetric which is an extreme symmetry. Secondly it dictates a certain relationship among the radius of the vacuole, the mass of the Schwarzschild particle at the centre and the background cosmic density. Moreover it is not stable against small perturbations. In fact the results of Occhionero et al. 2 and also of Sato et al. 3 imply that if there is any small mismatch between the vacuole mass density and the cosmic mass density then either the boundary of the vacuole expands faster than the FRW background or the vacuole will start to collapse (for historical details. The readers are referred to Krasinski 4 ). Later various generalizations have been proposed for the model. Senovilla and Vera 5 and also Mars 6 discussed the problem in non-spherical spacetime while Bonnor 7 utilized the inhomogeneous Tolman-Bondi metric as the external embedding spacetime in place of homogeneous FRW one.
In the present work we have generalized the ES problem in the higher dimensional spacetime where a Schwarzschild-like field in (n + 2)-dimensions has been matched to a (n + 2)-dimensional FRW -like homogeneous universe.
The higher dimensional spacetime has of late attracted lots of attention for a variety of reasons. It is being increasingly felt that our longtime goal of unification of all forces in nature may be realized via superstring and supergravity theories. Recent impetus has also come from its applications to branes (for a fairly detailed discussions of higher dimensional spacetime and its cosmological implications see Chatterjee 8 and Wesson 9 ). So it seems worthwhile to us to extend the seminal work of ES to a spacetime with (n + 2) dimensions.
Our paper is organised as follows: In Sec. 2 we have matched a Schwarzschild like field as an interior to an external homogeneous space, both in (n + 2) dimensions, invoking the continuity of the first and the second fundamental forms across the boundary defined by r = r 0 . In Sec. 3 we have obtained an exact solution in 5D spacetime in a closed form. This is unlike the standard 4D FRW metric where one gets solution in a parametric form only. Section 4 deals with the frequency shift of light emitted from the boundary of the vacuole, where both doppler and gravitational effects are taken into account. It is found that when the source at the vacuole is receding from the observer the frequency shift cannot be but red. But when source is approaching the observer gravitational effect and the doppler effect act in opposite direction causing either blue or redshift, depending on the relative magnitude of the two opposing effects. As mentioned earlier the ES model is unstable against perturbation. In Sec. 5 we have addressed the similar situation in higher dimensional spacetime. The paper ends with a discussion in Sec. 6.
Matching
We take an (n+2)-dimensional spherically symmetric spacetime where the time like (n + 1)-space Z divides the interior from the exterior and the dividing hypersurface distinguishes between the two (n + 2)-dimensional manifolds V − and V + , both of which contains Z as part of their boundaries. The intrinsic metric to Z is
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where
and the coordinates λ i being τ , θ 2 , . . . , θ n . For the interior spacetime we take the well-known (n + 2)-dimensional Schwarzschild like metric
0 <r ≤r 0 (r 0 is the boundary of the vacuole) .
In a previous work 11 some of us, postulating homogeneity in energy-momentum tensor found out a metric for a (n + 2)-dimensional spacetime which may be termed as FRW analogue in higher dimension. The metric is given by
where "K" is the (n + 1)-space curvature and R(t) is the scale factor and we wish to match the two spacetimes represented by (2) and (3) . At this stage we invoke Israel's matching conditions 12 which state that both the first and second fundamental forms must be continuous across the boundary such that
Moreover if
gives the equations of motion of Z in V ± then the extrinsic curvature components (see Eisenhart 13 ) are given by
where n ± α are the components of the unit space-like normal vector to Z in the coordinate x ± . The continuity conditions further demand
To sum up what has been done so far we aim to find a field for the entire continuum, which is generated in the interior by a concentrated mass and in the exterior by a homogeneous density of matter.
We take comoving coordinates for the exterior and the equation for Z in the exterior coordinates takes the form
where r z is a constant, being the radius of the interior (vacuole). The Israel's boundary conditions have the distinct advantage of being coordinate independent 
From (3), (6) and (9) straightforward calculations give the only nonvanishing component of the curvature:
As pointed out earlier the interior spacetime described by the generalized Schwarzschild metric is given by (2) . The equation of the boundary surface is given by
The spacelike unit vector on the hypersurface is
so the g 00 (n
where X ≡ (n − 1)r n−1 . Now from the continuity of the first fundamental forms at the boundary between the two fields represented by (2) and (3) we get
Since the metric (2) is static we finally get
Equating
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The boundary conditions (4) further yielḋ
From (14) we also get dT dt
Using (17), (18) and (19) we get an expression for mass function upto the boundary of distribution:
If we write Einstein's field equations for generalized FRW metric represented by (3), we get 11 n(n + 1) 2Ṙ
where ρ is the homogeneous cosmic mass density and p is the pressure. Using (21) in (20) we finally get m = (n − 1) n(n + 1)
It may not be out of place to point out here that following the formalism of Cahill and McVittie 14 some of us 15 recently obtained an expression for mass function for a (n + 2)-dimensional spherically symmetric distribution in a different context, which exactly resembles (23). When n = 2, Eq. (23) reduces to the familiar expression in the 4D case.
Moreover, integrating the field equations for the dust case (p = 0) we get 16π n(n + 1)
where M 0 is the well-known mass integral in FRW metric. Hence
where r z is the radius of the Schwarzschild vacuole in the FRW coordinates of (3) . If the (n + 1)-space is flat (K = 0) then (25) simply means that the FRW mass removed from the vacuole equals the Schwarzschild mass put in.
The implication of the last equations is very straightforward. It states that one can match an expanding (n + 2)-dimensional FRW modal to an interior (n + 2)-dimensional static Schwarzschild metric only if the mass to be confined upto the boundary of the vacuole is equal to the Schwarzschild mass placed at the centre of the interior. This is a higher dimensional generalization of the well-known result of ES that, subject to some matching condition, an expanding background does not make the interior Schwarzchild metric time dependent. However, the boundary of the distribution where the Schwarzschild field transits to the fields generated by the homogeneously distributed matter becomes time dependent.
Dynamical Behaviour of the Vacuole Boundary
In the previous section we have been able to match a vacuole interior to an expanding zero pressure homogeneous universe. Equation (22) yields a first integral equatioṅ
where "C" is an arbitrary constant of integration. It is known that in the 4D case we get the solution of the scale factor R in parametric forms only. Interestingly, for a 5D case (n = 3) we can get solutions in closed form. We have obtained two sets of solutions for three types of curvatures. They are given below:
and also
The first set suffers from the disqualification that one cannot recover the flat space solution from the non-flat ones. The second set does not have that disadvantage. So we shall deal with the second set only.
The constant "C" is so far arbitrary. However, we are dealing here with a special situation where a vacuum region (vacuole) of radius r = r z surrounding a central particle of mass "m" is embedded in a homogeneous expanding universe subject to a matching condition that the central mass "m" should be equal to the cosmic mass that would have been trapped within the sphere r = r z . As we shall presently see this condition would fix up the arbitrary constant "C".
If we use any one of (27) or (28) in Eqs. (23) and (25) we get
Evidently K > 0 represents a recollapsing model while the other two admit indefinite expansion. With this value of C = M 0 in (28), a little algebra shows that
With the help of (30) let us now study briefly the dynamical behaviour of the vacuole boundary.
At the vacuole boundaryr = r 0 we get from (24) for a 5D universe
Following Bonnor 7 we intuitively defineρ vac as an average density of the vacuole. Now for the spatially flat (n + 2)-dimensional generalized FRW dust universe
So we get from the field equations
where ρ c is the uniform mass density of the embedding cosmic fluid.
Using (30), (31) and (33) we further get
Thus we see that the vacuole collapses when the average mass density of the vacuole is greater than that of the cosmic fluid. In other two cases there is indefinite expansion. These findings are in line with the earlier observations of Sato et al. referred to earlier in the introduction. So the inclusion of extra spatial dimensions does not essentially change the dynamics of the vacuole boundary.
Frequency Shift
In this section we shall calculate the frequency shift of light emitted from a point on the vacuole boundary and is received by an observer near the center of the static Schwarzschild-like space. Evidently here the frequency shift will be due to both doppler and gravitational effects of the moving radiating surface. Since the frequency shift will be measured by an observer near the centre of the vacuole we must calculate it using the generalized Schwarzschild metric (2) . Following Banerjee 16 we get for a ray of light moving radially
where X = (n − 1)r n−1 and the subscript 0 refers to the source and the other limit of the integrand to the observer near the vacuole centre. The negative sign is taken to imply that with time T the radial coordinate decreases. Equation (35) gives
The first term on the r.h.s. vanishes as the observer is at rest in the interior, giving
It follows from (37) that
where dS and dS 0 are the proper time intervals and ν and ν 0 are the frequencies for the observer and source respectively. Now
Using (18), (19), (26) and (29) we get
which simplifies via (25) to
where Z = 1 + 4 .
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Equation (39) now reduces to
We should take the upper sign when the vacuole boundary recedes from the observer and the lower for the reverse. An interesting situation occurs when the receding vacuole boundary with positive spatial curvature (K > 0) has a turning point characterized byṘ = 0 in (26). This corresponds to K = 2mz 2 /r 2 X 0 . So, Eq. (41) reduces to
It follows that for X 0 > X, we obtain ν 0 < ν. Thus we get blue shift. This is only to be expected from physical consideration also because at the instantṘ = 0 we do not have any contribution due to doppler effect. The spectral shift is caused by gravity alone and as light is travelling from a weaker to stronger gravitational field blue shift results.
To get some more insight from (41) one can, for simplicity consider the case of zero spatial curvature (K = 0) of the embedding universe so that
As the universe expands indefinitely for a flat model we should take the upper sign to get
Now when the vacuole boundary approaches the observer both doppler and gravitational effects aid each other in causing only blueshift. However, in the reverse case (for a receding background) the gravitational and the doppler effects tend to nullify each other and whether one observes blue or redshift depends on the relative magnitude of each contribution. When gravity dominates (i.e. a high average density of the vacuole) we get blue shift and in the opposite case redshift results. It may be tempting to naively suggest that a situation may arise when the two opposing effects just cancel each other for a certain ratio of X/X 0 and light will not suffer any spectral shift when emitted. One may call it a "null spectral shift surface."
Stability
It is already pointed out in the introduction that the Einstein-Straus model suffers from the disqualification that it is unstable against any small perturbation. We shall address the problem of stability in the higher dimensional model also.
If we differentiate (26) and give a small increment ξ to R then
This clearly suggests an exponential expansion of the perturbation of the boundary as
where, in line with Bonner, 7 we have assumed M 0 /R n+1 to be very small. So in higher dimensional spacetime also the model is unstable and this is definitely a shortcoming of the model. Moreover, Eq. (47) apparently suggests that the instability increases with the number of dimensions.
Discussion
The present work is an extension of the well-known Einstein-Straus model in higher dimensions. It is found from stringent junction conditions that a static spherical vacuum region (vacuole) is compatible with an exterior evolving homogeneous universe only if the average mass density of the vacuole equals the uniform cosmic density. Under this constraint the external expanding spacetime has no effect on the static metric of the vacuole. What becomes time dependent is only the boundary of the vacuole.
It is observed that inclusion of extra dimensions does not improve the stability of the model. In fact extra dimensions make the model more unstable compared to the ES case.
To conclude one may comment on the topology of the spacetime chosen. Here we have considered a situation where all the spatial dimensions including the extra ones are taken on the same footing. However, such a situation is relevant in the very early era when the universe have not undergone the compactification process. But here we have dealt with a dusty universe which is relevant only at the late stage of evolution of the universe.
As a future exercise one should address the problem such that the extra space forms a compact manifold with symmetry group G such that (n + 1) spatial symmetry group is a direct product of 0(3) × G and not 0(n + 1).
